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We present a method enabling us to write in relativistic manner the wave functions of some 
particular two particle bound state models in quantum mechanics. The idea is to expand the bound 
state wave function in terms of free states and to introduce the potential energy of the bound system 
by means of the 4- momentum of an additional constituent, supposed to represent in a global way 
some hidden degrees of freedom. The procedure is applied to the solutions of the Dirac equation 
with confining potentials which are used to describe the quark antiquark bound states representing 
a given meson state. 
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I. INTRODUCTION 

About ten years ago a Lorentz covariant stationary 
expression for the internal wave function of a meson has 
been introduced . The meson was supposed to be made 
of a free qq pair and of a collective excitation of a back- 
ground field representing the time averaged result of the 
continuous series of quantum fluctuations taking place in 
the bound system. In momentum space the generic form 
of the single meson state was written as: 

\M(P)) = I d 3 h^d 3 k 2 ^d A Q 
J ei e 2 

x^ 4 )(fc! + k 2 + Q- P)<p{k x ,k 2 ; Q) 

xu S2 {k 2 )T M v sx {k x )&{Q) bKk^aKk^O) (1) 

where a + , b + are free creation operators of the valence qq 
pair, u and v are free Dirac spinors, Yj^ is a Dirac matrix 
ensuring the relativistic coupling of the quark spins. The 
collective excitation is represented by &(Q) where is 
the difference between the bound state 4-momentum and 
the sum of the free quarks 4-momenta. 

The kct Q is not the output of a dynamical scheme. 
In fact, it is only a phcnomcnological form with suitable 
features, like normalizability, Lorentz covariance, fulfill- 
ment of the mass shell constraints by the meson and the 
quark momenta. 

Recently we found out that it is possible to derive an 
expression like from the solutions of some bound state 
problems in relativistic quantum mechanics which allow 
the independent treatment of the quarks while preserv- 
ing the translational invariance of the wave function. Ob- 
serving that these requirements cannot be simultaneously 
fulfilled if the bound system is made of a qq pair only, we 
supposed the existence of an additional constituent which 
represents some hidden degrees of freedom and show that 
the wave function can be written in a form like Q). 
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In the following we present a method enabling us to 
relate the relativistic invariant function (p{ki,k2',Q) in 
Eq.([Q) with the bound state wave function in quantum 
mechanics and the 4th component of the momentum car- 
ried by the additional constituent, Q°, with the potential 
energy of the bound system. 

The second section is devoted to the particular models 
in relativistic quantum mechanics for bound states which 
are adequate to our purpose. The bound state wave func- 
tion factorizes into solutions of the Dirac equation with 
confining potentials and a function describing the effect 
of the hidden degrees of freedom on the quark system. 

By comparing these models with the bound state mod- 
els in field theory and establishing a correspondence be- 
tween their elements having similar roles we make the 
conjecture that the additional constituent represents in 
global way the quantum fluctuations of the background 
field which generate the binding. 

In the third section we present the general method 
leading to a relativistic representation of the bound state 
wave function in the specific cases presented above. The 
method is applied to the analytical solutions of the Dirac 
equation with confining potentials which are used to 
write the meson wave function. 

In the last section we give some brief comments on 
the relation existing between various approaches to the 
bound state problem. Also, commenting upon the par- 
ticular way of including the quantum fluctuations in a 
relativistic stationary representation of a bound system 
we conclude that our method is an alternative to the light 
cone formalism for low and intermediate energy. 



II. BOUND STATE MODELS 

As mentioned in the introduction, our way to ensure 
the quark independence without violating the invariance 
at translations of the bound state wave function is to 
assume the existence of an additional constituent of the 
bound system. This is reflected by the appearance in 
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the wave function of new variables representing the rel- 
ative quarks coordinates with respect to the additional 
constituent. 

Next we present two different ways of introducing the 
additional constituent into the quantum mechanical for- 
malism. 

In the first case the quarks are bound together by a 
confining potential which depends on their relative coor- 
dinate. The additional constituent is defined as a repre- 
sentative of some hidden degrees of freedom which induce 
a random motion of the center of mass of the qq pair with 
respect to the meson coordinates in the rest frame of the 
bound system. The wave function \& of the bound system 
can be written as: 



r 2 , p) = x(n - r 2 ) cj>{R - po) 



(2) 



where R — r\r\ + (1 — rf)r 2 is the position vector of the cen- 
ter of mass of the qq pair if 77 = , p^withi — 1, 2, 3 
are the meson coordinates and \ is the eigenfunction of 
the following Hamiltonian 

H = -iV«c?« + /3« mi - iV^d^ + (3^m 2 
+V^ 2 )(ri-f 2 ), (3) 

whose eigenvalue is the meson mass, M. In agreement 
with the above remarks, <p is the normal distribution of 
the random variable r — po which writes as: 



(r - po) = e 2« 2 



(4) 



where k 2 is the variance. 

In the second case, the additional constituent is asso- 
ciated with some center of forces to which the quarks are 
independently bound. The wave function of the bound 
system reads: 

*Af(n.,r 2 , A>) 

d 3 p j(r 2 - p)T M r{ri - p) <P(p- Po), (5) 



where V m is a Dirac matrix ensuring the relativistic cou- 
pling of spins and ip is the eigenfunction of the single 
particle Hamiltonian 



n 



-iV (i) a« + p^rrij + Vj{?j - p). 



(6) 



Here, Vj are confining potentials and the single particle 
function tp c defined as i7 2 7oV> T is the charge conjugated 
partner of ip. 

Like in the first case the centers of forces are supposed 
to be randomly distributed aroud the meson center, so 
that 6 writes as: 



</>(P - Po) 
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(7) 



where S is a free parameter. 

We remark that in the above examples the additional 
constituent does not behave like a real particle, but 



rather like an environment because it is not perceived 
through its specific properties, but through its effect on 
the embedded quarks. This remark shall be enforced in 
the next section when making a comparison between the 
representations of the bound systems in quantum me- 
chanics and field theory. 



III. LORENTZ COVARIANT FORM OF THE 
WAVE FUNCTTION * M 

The first step of the procedure leading to a relativistic 
expression for the wave function it to expand \& in terms 
of free states whose transformation properties at boosts 
are known. 

Turning to the first case and noticing that ^f(fi, f 2 , (P) 
in Eq.(J2J) is a 4 x 4 matrix, we write: 

^{ri,r 2 ,p) = 

f d ^ h !I^ d 3 k2 !^ e i[kf+K(R-p)] 

J ei e 2 

*fe £ 2 !) (fcb^K, Sl (fci)» £2 , S2 (fc2) (8) 



ex,e 2 ,si,s 2 



where w e , s is the general notation for free Dirac spinors, e 
denotes the sign of the energy, s is the spin projection on 
an arbitrary axis. By k = (1 — rj)eiki — ?7e 2 A; 2 , f= f\ — r 2 
and K = t\k\ +e 2 k 2 we denoted the relative momentum, 
relative position vector and total momentum of the quark 
pair respectively. According to the general principles of 
the quantum mechanics, the coefficient ^^^(fci, k 2 ) in 
(JSJ writes as 

^ifikiM) = J d 3 ri d 3 r 2 d 3 p 

xe-^ kp+ ^-^w euSl (fci)*(ri,r2,p) w t2 . S2 (k 2 ) (9) 

and is the probability amplitude to find in the bound sys- 
tem a free qq pair with the quantum numbers {ei, k\, Si} 
and {e 2 ,k 2 ,s 2 } and a stationary wave with momentum 
-eifci - e 2 k 2 . 

In the second case, using the same notations as above, 
the single particle wave functions tp in (jSJ), reads: 



i>(r~p) = J2l rf3fc — ^,s(fc)e ie£(F " pn , (10) 

e.s 



where 



i>^(k) = / d 3 r w e ^ s (k) ip(r) 



(11) 



is the probability amplitude to find a free quark with 
positive (negative) energy, spin s and momentum k in 
a bound state characterized by ip. Taking into account 
the similar relations existing for tp and for the charge 
conjugated solution ip c we write the expansion coefficient 
of the wave function JSJ as follows: 
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*b e 2 2) (fci,fc 2 ) = 



d 3 p e l P^+^^i] 1 \k 1 )T M ^(k 2 )<P(p - p ). 



(12) 
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From the above examples it results that the additional 
constituent contributes to the total momentum with Q = 
—e\ki — e2fe, which may be seen as the reaction of the 
environement with respect to the independent motion of 
the quarks. 

A similar relation is supposed to hold for the 4th com- 
ponents of the momenta where the "energy" of the addi- 
tional constituent, Q°, is the binding energy of the sys- 
tem, defined as the remaining part from the meson mass 
after extracting the energies of the free quarks. Then we 
have: 



° = M - ex\l k 2 + m\ - e 2 J k 



(13) 



In an ideal model the relation l|13|l . like the potential 
itself, should result from the elementary processes, but 



for the time being this haven't been done. We notice 
however that nonrelativistic QCD resorts to a definiton 
similar with (|13fl when introducing the effective potential 
as the remaining part in the effective QCD Lagrangian 
after removing the kinetic terms 0, Q . 

We remark that, according to the above definitions, the 
"square mass" of the effective constituent, Q 2 = Qq — Q 2 , 
is not a constant and therefore, as we already supposed, 
is not the 4-momentum of an elementary particle. 

Now, introducing the occupation numbers of the free 
states and recalling that in field theory the negative en- 
ergy creation operators are in fact annihilation operators 
of positive energy particles which give zero when acting 
on the vacuum, we get the following expression for the 
ket representing a single meson at rest: 



J 



\M(M, 0))= d 3 h —d 3 k 2 —d i Q <5 (3) (fci + k 2 + Q)5(ei +e 2 + Q - M) 
I J ei e 2 

x E * { +;£>{kM)^{k2)TMV sl {ki) at(Q) al(k 2 ) 6^)10). 



(14) 



We mention that the quark (antiquark) creation opera- 
tors, a' (&t) are simple tools reflecting the quark statis- 
tics, not the result of a canonical quantification formal- 
ism. Extending this notation to the additional con- 
stituent we denote by a^(Q) the creation of an effective 
excitation with momentum Q^. The quark operators and 
a represent independent elements in a stationary repre- 
sentation and we find reasonable to assume they com- 
mute with each other. However, we notice that it doesn't 
make any sense to write commutations relations among 
as because they do not represent elementary excitations 
and hence they are not quantified. The best we can do 
is to deal with them in such a way as to ensure the over- 
all conservation of the energy and momentum in the 
physical amplitudes which make use of expressions like 

The last step towards a relativistic representation of 
quark antiquark bound state is to write the expansion 



coefficients ^ 



(+,+) 

( s l, s 2) 



in relativistic invariant form. This 



can be easily done by replacing the 4th component of a 
vector V° in the rest frame by (P^Vfi M' 1 , where V ,fi 
is the vector in the reference frame where the meson 
momentum is P^ L — (E, P); also, the scalar products like 
hkj must be written as (P ■ k[)(P ■ k' 2 ) M~ 2 - (k[ ■ k' 2 ). 



Then turning to Eq. Q we observe that it is equivalent 
with if ip(ki,k 2 ;Q) is identified with (ki, k 2 ) 



in the first case and with -^^(ki)^^ 1 (k 2 )4>(Q) in the 
second case, written with the Lorentz invariant notations 
defined previously. 



",(+)/ 



IV. EXAMPLES 



The single particle Dirac equation 

The method presented in the previous section is now 
applied to the cases where the single particle wave func- 
tions -0 are simple, analytical solutions of the Dirac 
equation with confining potentials of the type V = 
Vi, 2 
-V 2 ,i 







i. Linear rising potentials 

First we consider the case of linear rising potentials 
where 



V 1 (r) = (r, 



(15) 
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(16) 



where the parameters £ and £ characterize the potential. 

The simplest analytical solutions having the angular 
momentum J, magnetic number Mj, and energy Ej = 

to + 2w | J are written as follows: 



^JMj ( f ) 



(17) 



where yM are eigenf unctions of the total angular mo- 
mentum J, and p = J + A. 

Projecting ?/> on the free Dirac solutions, the expression 
(117(1 takes the form (|l()|l . Using the relativistic notation 
mentioned in the preceding section we get in the case 
J = 1/2, Mj = v. 



^+ } (fc) = nW(jfe) u s (k)u r (k), 



(18) 



= UsW^jP-Vrik) (19) 

where 7 M , = 0,1,2,3 are Dirac matrices, M is the 
meson mass and n^\k) is given by the invariant form: 



± i 




where 



and 



E(fc) 



A(fc) 



q - 3fc 2 



(21) 



(22) 



with k representing the Lorentz invariant expression k 
^{P^k^fM- 2 - to 2 and e(k) = Vk 2 +m 2 . 



ii. Oscillator potential 

In the case of the oscillator potential where 
Vi = A lu 2 r 2 , 



V 2 



-2m + \-2uj(l + a ■ L), 



(23) 
(24) 



the simplest analytical solutions of the Dirac equation 
are: 



-iu r J+ h-i Xur2 yff+ftj 



(25) 



Proceeding as above, and using the same notations, in 
the case J = 1/2, M = r we get: 



7(+) / e(k) + m 

e(k) — m 



e^ u s (k) u r {k), (26) 



V I 

e(k) + to 



- 1 



e ^ ^ (fc )(2_Z) Mr(fc) . (27) 



In all the above cases it is possible to define the charge 
conjugated solutions ip c = ij2jow As a result u — ► v 
and V> (±) -> V' c(±) in PHTjl . 

Closing this section, we mention that the single particle 
solutions of the Dirac equation with confining potentials 
also can be used in the case where the confining potential 
depends on the relative quark coordinates if V^ 1 ' 2 ^ (fj.— f^) 
can be written as the limit of (rj — pi) + V^ 2 ) (r 2 — P2) 
when p\ — > r% and p2 — * r*i . Then the two particle prob- 
lem separates into two independent single particle prob- 
lems and the coefficient *&st,'»H\ki, fe) can be calculated 
like in the previous cases. 



V. COMMENTS AND CONCLUSIONS 

Now we comment briefly upon the features of the dif- 
ferent relativistic approaches to the bound state problem 
in order to get a deeper understanding of the subject. 

First we consider the approaches in relativistic quan- 
tum mechanics and observe that their common features 
are the existence of an attractive potential well and of 
stationary wave functions with finite norms in the space 
of the relative coordinates. Such approaches are not re- 
ally relativistic because the interaction potential cannot 
be written in a boosted reference frame. 

In the approaches to the bound state problem derived 
from the field theory, the interaction is the result of 
the continuous exchange of quanta between the con- 
stituents. In this case, the iterative solution of the dy- 
namical equation is expressed in terms of a relativistic 
interaction kernel and of free propagators. As a result 
the solution is Lorentz covariant but has a fluctuating 
character because the bound state appears to be made of 
an indefinite number of free constituents. 

The two representations look quite different. However, 
from consistency arguments one may suppose the exis- 
tence of a well defined correspondence between their ele- 
ments having similar roles in the bound system. In this 
sense we think reasonable to suppose that the stationary 
wave function in the quantum mechanical approach is the 
result of a time average over a finite time T of the fluc- 
tuating solution in the field theory. This means that if 
the observation time is longer than T, the fluctuating set 
of free particles in the field approach appears as a small, 
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stationary set made of free particles, and of an effective 
excitation of the background field which gives rise to the 
binding. 

In this paper we have shown that a similar represen- 
tation emerges from a particular set of models with con- 
fining potentials, if one assumes that the bound system 
contains beside the pair of quarks an additional effective 
constituent. Owing to this one we succeeded to write 
the bound state wave function as a superposition of free 
states and to escape the problems raised by the presence 
of the interaction potentials by giving a Lorentz covari- 
ant meaning to the potential energy of the bound system. 
Furthermore, by relating the effective constituent to the 
quantum fluctuations of the background field generating 
the binding we provided a justification for the existence 
of some spacial degrees of freedom accompanying the in- 
teraction potential. These ones, which are quite unusual 
in quantum mechanics, in our models are the natural 
consequence of the imperfect cancellation of the vector 
momenta during the quantum fluctuations. 

Also, as an unquantized element of the bound system, 
the additional constituent creates the possibility to by- 
pass the Dirac no-go theorem Q which states that a 
bound system with a fixed number of particles can be 
quantized in relativistic manner only if the generators of 
the symmetry group depend explicitly on the interaction 
potential. 

Concluding these comments, one can say that the ad- 
ditional constituent makes our method an alternative to 
the light cone formalism for low and intermediate energy, 
where only the average effect of the quantum fluctuations 
can be observed. 

Now, comparing the two particular models presented 
in the second section, we remark that the first one is much 
like the usual potential models, where the quarks are the 
sources of the forces which bind them together. How- 
ever, the influence of the environment which manifests 
through the random motion of the center of mass of the 
qq pair around some fixed point is not to be neglected, 
because it is essential for the relativistic treatment of the 
bound system and, moreover, it may offer a solution to 
the old center of mass problem in relativistic quantum 
mechanics. 

In our second case the confining forces are mainly due 
to the environment which looks like a glue in which both 
quarks are embedded. This model is similar with the 
bound state models where the wave function is factorized 
in terms of constituent wave functions and the confine- 
ment is the result of the independent interaction of the 
quarks with an effective constituent like, for instance, the 
bag in the bag models 0|. 

We further remark that in both these models, as an 
effect of the quark independence, the mass center of the 



quark pair is not at rest in the rest frame of the meson. 
The center of mass is at rest in the limit K — > oo and 
S — ► oo when the functions 4> simulate the 5^{k\ + fca) 
and the quarks lose their independence. In this case the 
first model transforms into a classical two body one and 
has a well defined nonrelativistic limit, while the wave 
function of the second model writes as 

*(n,r 2 ,A)) -> 
J ei e 2 

efa-toKK-V^fctfMfo)^ (28) 

and it may lack a suitable classical correspondent. 

A last comment concerns the place of the time in the 
present formalism. Our models are stationary quantum 
mechanical models where time is a simple parameter, not 
a real coordinate like in the field approach. In the cor- 
respondence we established between the two representa- 
tions of a bound system we conjectured that the station- 
ary wave function in quantum mechanics is the result 
of a time average over a finite time T of the fluctuat- 
ing solution in the field approach, where T is a physical 
parameter of the model, not a coordinate. 

This supposition makes the coordinate representation 
inadequate for the relativistic treatment of a bound sys- 
tem and explains why it is impossible to relate the iter- 
ative field solution in the coordinate representation with 
the stationary solution in the quantum mechanical ap- 
proach, or to give a relativistic meaning to the last one. 

In this paper we have shown that the adequate repre- 
sentation is the momentum one, under the condition to 
find a suitable way to take into account the stationary 
effect of the continuous series of quantum fluctuations 
generating the binding. 
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